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We analyze an overlapping generations model with fixed
costs of stock market participation. Participation in the
stock market is determined endogenously and covaries
positively with preceding innovations in dividends. The
equilibrium share price is positively related to market
participation of the same period and to information about
future dividends. There is “rational trend chasing” in
the sense that, although all agents are rational, market
participation rises after an increase of the share price
and falls after a decrease. Finally, we show that the en-
dogenous fluctuations of market participation lead to in-
creased volatility of the share price.

There is clear empirical evidence that most agents partici-
pate only in very few asset markets and that this holds even
for agents with substantial liquid wealth [see e.g., Mankiw
and Zeldes (1991); further references can be found in Allen
and Gale (1994)]. Moreover, it seems that asset market par-
ticipation fluctuates. For instance, in informal discussions
changes of stock prices are often explained by an inflow
or outflow of investors. In this article we analyze an over-
lapping generations model in which participation in the
stock market is determined endogenously and fluctuates
over time. The model can help to explain stylized facts of
stock markets, such as trend chasing and excess volatility.1

I am indebted to Egbert Dierker, Engelbert Dockner, Muriel Niederle, Nina
Maderner, Andreas Ramsauer, Gerhard Sorger, and Josef Zechner for helpful
discussion. Franklin Allen as executive editor and two unknown referees pro-
vided very valuable comments. Address correspondence to Gerhard O. Orosel,
Department of Economics, University of Vienna, Bruenner Strasse 72, A-1210
Vienna, Austria, or e-mail: orosel@econ.bwl.univie.ac.at.

1 Starting with LeRoy and Porter (1981) and Shiller (1981), there is a huge literature
on excess volatility of stock prices, that is, on the fact that the flow of new
information about future payoff streams and discount rates seems to be insufficient
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Besides, our model predicts a mean reverting stock price and is, therefore,
consistent with the so-called predictability of stock returns [see, e.g., Fama
and French (1988a,b, 1989), Poterba and Summers (1988), Fama (1991),
Kim, Nelson, and Startz (1991), and Mankiw, Romer, and Shapiro (1991)
for different views on this question].

How can we explain limited market participation of rational agents? One
possible explanation is fixed costs of market participation, and this is what
we assume in our model. In order to invest in a particular market an agent
has to bear certain participation or entry costs. Otherwise the agent cannot
be active in this market. In addition, we assume that, as a by-product, market
participation makes an agent better informed. As an illustration consider the
case where an investor has to travel to the marketplace. The travel expenses
are fixed entry costs, and once the investor is there she will observe the
latest signals and thus will be better informed than agents who have not
traveled to the marketplace. In a more modern illustration we can substitute
the travel costs by the costs of terminals, software, connecting costs, etc.
Another significant example of entry costs follows from the fact that “in
order to be active in a market, an agent must initially devote resources
to learning about the basic features of the market” [Allen and Gale (1994,
p. 934)]. Such basic features of the market include, in particular, the relevant
institutional details, as for example, how orders are submitted, what the
settlement requirements are, what happens in case of default by other traders,
etc. Moreover, a reliable broker has to be identified. Although, due to the
necessity to simplify, our model does not directly catch these learning (and
search) costs, the motivation for the model is also based on this view of
informationalentry costs. In any case, the assumption that there are fixed
costs of market participation and that market participants are better informed
than nonparticipants seems to be rather realistic.

In our model there are two assets, risky shares and a riskless asset. Fixed
costs of market participation are positive only for the stock market and
differ between individual agents. All agents live for two periods, have an
initial endowment in the first period and consume only in the second pe-
riod. Therefore all agents will invest into the riskless asset, but only those
with sufficiently low participation costs will participate in the stock market.
Moreover, the expected gain (in terms of utility) from stock market partic-
ipation, and consequently participation itself, varies over time. Dividends
are assumed to follow a Markov process. As a result, last period’s realized
dividends contain information about the probability distribution of future
dividends and share prices, and thus about the expected gain from stock

to explain observed stock price volatility. In particular, the debate deals with a variety of econometric
aspects. However, recent work, such as LeRoy and Parke (1992), which takes care of econometric prob-
lems, seems to confirm the original finding of excess volatility. For references see, for example, LeRoy
(1989), Gilles and LeRoy (1991), LeRoy and Parke (1992), and LeRoy and Steigerwald (1995).
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market participation. We assume that all agents can, without costs, observe
past dividends or prices (or both) and extract the relevant information before
deciding about stock market participation. Therefore, in equilibrium, stock
market participation will fluctuate over time, reflecting preceding dividends
and prices.

Essentially our analysis is based on the view that the agents receive some
exogenous information that is relevant for their decisions about stock mar-
ket participation, and that the expected gain from stock market participation
conditional on this information fluctuates over time. Examples, among oth-
ers, are reports on television or radio stations and information contained
in newspapers and magazines. For simplicity we take past dividends as the
information which determines the participation decisions, but this assump-
tion should be seen only as a convenient way to model the fact that rational
agents will always base their decisions about stock market participation on
some relevant information. This simplification makes the model tractable
but is not decisive for the results.

What are these results? First, we prove that an equilibrium exists, and
that in an equilibrium the share price is positively related to market par-
ticipation (of the same period) and to information about future dividends.
Second, we show that in an equilibrium market participation fluctuates and
correlates positively with past dividends. From this we derivetrend chasing
in the sense that market participation rises after an increase of the share
price and falls after a decrease.2 In our model trend chasing is perfectly
rational. This implies that we cannot conclude that investors are irrational
if we observe trend chasing in an asset market.3 The last result of this study
concerns volatility. We show that the fluctuations of stock market partici-
pation increase the volatility of stock prices in a well-defined sense. Thus
participation costs and the consequent fluctuations of market participation
can be part of an explanation of excess volatility.4

There is an emerging literature on the impact of fixed participation costs

2 De Long et al. (1990) identify trend chasing with “extrapolative expectations about prices” (p. 379).
However, in our view extrapolative price expectations may cause trend chasing but are not identical with
it.

3 Wong (1995) provides empirical evidence of trend chasing in the Hong Kong stock market. For evidence
of trend chasing with respect to mutual funds and for its interpretation as a clear sign of irrationality
see Patel, Zeckhauser and Hendricks (1991). In De Long et al. (1990) trend chasing is rational for some
agents in some periods because rational agents exploit the anticipatednonrationaltrend chasing behavior
of “positive feedback traders.” Without the nonrational feedback traders trend chasing would not be
rational for any agent in their model. In a recent article Brennan and Cao (1996) provide a rigorous model
where trend chasing is rational. Although their model is very different from our model, in both models
trend chasing is due to informational reasons.

4 For various approaches to a theoretical explanation of excess volatility see Spiegel (1998) and the ref-
erences therein. Among these only the explanation of Allen and Gale (1994) (discussed below) is based
on costly market participation and is thus related to this article. A model withexogenousfluctuations
of market participation is contained in Orosel (1997). In contrast, the fluctuations areendogenousin the
present model.
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in asset markets. One line of this literature deals with problems in monetary
theory and hence is not closely related to this study [see, e.g., Freeman
and Huffman (1991) and Chatterjee and Corbae (1992)]. Another line deals
with the effects of market participation on asset prices. Three articles in this
line, among others, are Merton (1987), Pagano (1989), and Allen and Gale
(1994). Merton (1987) introduced a modified capital asset pricing model
(CAPM) where each investor can participate only in markets contained in an
exogenous, investor-specific subset of all asset markets. He examines how
this modification affects the standard CAPM and shows that limited mar-
ket participation can explain empirical “anomalies.” In contrast to Merton’s
analysis, which is primarily concerned with the cross-sectional equilibrium
structure of asset returns, our model deals with the equilibrium price of one
risky asset over time. Furthermore, in our model market participation is de-
termined endogenously. Pagano (1989) analyzes an economy with multiple
deterministic equilibria, each being characterized by a constant number of
market participants, whereas we will examine the stochastic equilibrium
of an economy, where in each period the number of market participants is
the realization of an endogenous random variable. Allen and Gale (1994)
consider a model with two types of investors and fixed participation costs
for the asset market. They derive interesting results on asset price volatility
and multiple equilibria. However, as in Pagano (1989), market participation,
although different across equilibria, is fixed within each equilibrium. Thus,
in contrast to our model, volatility is not related to endogenous fluctuations
of market participation. In our equilibrium the added volatility derives from
changes in market participation due to innovations in preceding dividends,
whereas in Pagano (1989) and in Allen and Gale (1994) it is the level of
market participation which influences volatility. Still, our model has two
important features in common with Allen and Gale (1994): (i) the view that
there are fixed costs of market participation, and (ii) the use of a general
utility function rather than a specific one (such as constant absolute risk
aversion).

The article is organized as follows. In Section 1 we present the model,
and in Section 2 we analyze some properties of an equilibrium and prove
its existence. Section 3 deals with rational trend chasing, and Section 4
with volatility. Section 5 contains concluding remarks. Most mathematical
proofs are collected in the Appendix.

1. The Model

Time is measured in discrete periodst = 1,2, . . . . There are overlapping
generations. All agents have rational expectations, are risk averse, and max-
imize expected utility. There is one consumption good, which is taken as
numeraire in each period. In addition, there are two assets: risky shares
and a riskless asset. As in Lucas (1978), shares represent an aggregate firm
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which has infinite life and produces in each period a stochastic output of the
consumption good. This output, which is entirely exogenous, is distributed
as dividends at the end of each period. Participation in the stock market
requires effort. On the other hand, due to risk aversion agents receive a
consumer surplus from buying shares. Thus an agent will participate in the
stock market if, in utility terms, the expected consumer surplus exceeds the
required effort.

We make several simplifying assumptions to keep the model tractable.
However, in Section 5 at the end of this article we will argue that our results
can be expected to hold under much more general conditions.

Assumption 1.There is a riskless asset with a constant (gross) return R=
1+ r > 1. The supply of this asset is infinitely elastic.

In order to simplify we impose no short sales restriction, that is, negative
investments are feasible. However, for sufficiently large initial endowments
no negative investments will occur in equilibrium.

Assumption 2.The economy is endowed with S> 0 shares. Each share
pays at the end of each period t= 1,2, . . . random dividendsD̃t with
realizations dL ≥ 0 and dH > dL. Dividends D̃t follow a first-order
Markov process with transition probabilities given by the matrix5 =[

π 1− π
1− π π

]
whereπ ∈ (1

2,1).

The dividend process is as simple as possible. The justification is to keep
the model manageable. Only the assumptionπ ∈ (1

2,1) has an economic
reason: it formalizes the view that there is some, but not absolute, persistence
in the dividend process.

Assumption 3.In each period t= 1,2, . . . a new generation, consisting
of a continuum of agents which has Lebesgue measure 1 and is uniformly
distributed on the interval A= [0,1], enters the economy. Each agent
a ∈ A lives for two periods, has an initial endowment ofw > 0 units of the
consumption good in the first period of life, and consumes only in the second
period. Each agent maximizes expected utility Va = E[U (c̃a)]−ea, wherec̃a

is (stochastic) consumption in the second period of life, ea is effort expended
for participation in the stock market, and U: R+ → R is a von Neumann–
Morgenstern utility function with the following properties: (i) for all c> 0,
U (c) is three times differentiable, U′(c) > 0, U ′′(c) < 0, andα′(c) ≤ 0,
whereα(c) := −U ′′(c)

U ′(c) is absolute risk aversion; (ii)limc→0 U ′(c) = ∞.

The overlapping generations assumption allows the combination of finite
individual horizons with an infinitely lived economy. Assuming that agents
consume only in the second period of their life implies that we abstract from
saving decisions and concentrate on portfolio decisions. This is justified

525



The Review of Financial Studies / v 11 n 3 1998

because portfolio decisions are much more influential for asset prices. Apart
from the plausible assumptions that agents are risk averse (U ′′(c) < 0) and
that absolute risk aversion is nonincreasing (α′(c) ≤ 0) we make no serious
restrictions on the utility function. In particular, we do not assume that the
utility function is of a special type, such as exhibiting constant absolute or
constant relative risk aversion.

Assumption 4.For agent a∈ A, participation in the stock market requires
effort k(a) ≥ 0. The function k(a) has the following properties: (i) k(a) ≥ 0
for all a ∈ A; (ii) there exists anε ∈ (0,1) such that k(a) = 0 for all
a ∈ [0, ε]; (iii) for all a ∈ [ε,1), k(a) is continuous and strictly increasing;
(iv) lima→1 k(a) = ∞. Participation in the market for the riskless asset
requires no effort.

Agentsa ∈ A who have expended effortk(a) can participate in the stock
market and are calledstock market participantsor, for short,market partic-
ipants. Similarly, we will speak ofstock market participationor, for short,
of market participation. The effort required for market participation is fixed
in the sense that it does not depend on the subsequent investments actually
undertaken. We assume that the required effort differs across agents, for ex-
ample, due to differences in location, interests, capabilities, or education,5

and we order the agents according to this effort. Assuming that the required
effort is zero for a (small) positive fractionε of each generation simplifies
the analysis technically because this assumption implies immediately that
market participation will always be strictly positive.6

Assumption 5.At the beginning of period t, t= 1,2, . . ., all agents ob-
serve without costs realized past dividends Dt−1. Stock market participants
observe, in addition, realized dividends Dt after they have expended effort
k(a), but before the stock market opens.

The current share price can only be observed by market participants7

(otherwise nonparticipants could infer all the information of market par-
ticipants). This assumption reflects our view that market participants are
better informed than nonparticipants and that nonparticipants receive the

5 For instance, Mankiw and Zeldes (1991) present empirical evidence (based on 1984 survey data for the
United States) that “more highly educated household heads are more likely to be stockholders” (p. 100),
and explain this evidence with the argument that “the fixed cost [of participating in the stock market] is
lower for the more educated because information acquisition and processing are less costly” (p. 101).
Interestingly, the data presented in Mankiw and Zeldes (1991) show for all four income quartiles considered
that having an advanced degree reduces the probability of being a stockholder relative to having a college
degree only.

6 Let nt denote the fraction of market participants of generationt . Then each participating agent has to
hold S/nt shares in equilibrium. Without Assumption 4(ii) a more elaborate technical argument would
be needed in the existence proof of the equilibrium in order to ensure thatnt is different from zero.

7 It would be sufficient to assume that only some market participants observe realized dividendsDt , whereas
the other participants rationally infer it from the equilibrium share price.
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information of market participants, if at all, only with a time lag. Although
knowing dividendsDt eliminates the “dividend risk”, market participants
still have to bear the “price risk.” When they sell their shares after one period
the price will depend on the—as yet unknown—realized dividendsDt+1.

The decision whether or not to participate in the stock market has to
be based on some information, and for simplicity we assume this to be
past dividends. Since to a certain degree participation costs can be seen as
learning costs [Allen and Gale (1994)], it would be preferable to assume that
the participation decision is based on some much more vague information,
the evaluation of which requires significantly less knowledge about the stock
market. However, then we would have to blow up the (already complicated)
model by introducing certain “signals,” such as rumors or TV reports, and a
specification for extracting information from these signals. In order to avoid
these complications and keep the model tractable, we make the simpler
assumption that the participation decisions are based on past dividends.

It will turn out that in our model past share prices are informationally
equivalent to past dividends, that is, in equilibrium agents can infer past
dividends from past share prices and past share prices do not contain any
information in addition to past dividends. Therefore it makes no difference
whether we assume that agents can observe past dividends, past share prices,
or both. We could assume that past prices rather than past dividends are
observed, and then prove, in a second step, that this implies that agents
can infer past dividends. However, this would complicate the analysis even
more without altering the results or adding further insights.

In our model each agent makes sequentially the following decisions and
actions: (i) after entering the economy and observing the dividends of the
previous period, the agent decides whether or not to participate in the stock
market; (ii) if the agent does not participate, she invests all her wealthw

into the riskless asset and consumesRw after one period; (iii) if the agent
decides to participate, she expends the required effort, observes the signal,
optimally invests her wealthw into a portfolio consisting of shares and the
riskless asset, and after one period she liquidates this portfolio and consumes
the receipts.

2. Equilibrium

In each periodt = 1,2, . . . there is a market for the consumption good and
for the two assets, and all agents will participate in at least two of these
three markets, that is, in the market for the consumption good and in the
market for the riskless asset. Because of Assumption 4 it holds that (i) all
agents in [0, ε] ⊂ A will participate in the stock market in every period;
(ii) if in any period it is rational for any given agenta ∈ A to participate, all
agents in [0,a] will participate in this period; and (iii) if in any period it is
rational for any given agenta ∈ A not to participate, no agent in [a,1] will
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participate in this period. Thus stock market participation (for short: market
participation) in periodt can be measured by a positive numbernt ∈ A,
implying that all agents in [0,nt ) participate and all agents in(nt ,1] do
not participate. Agenta = nt is indifferent between participating and not
participating, but since the Lebesgue measure of a single agent is zero, her
decision is irrelevant for the equilibrium. Because ofA = [0,1], nt is the
fraction of agents who participate in the stock market.

As the consumption good is the numeraire and the rate of return of the
riskless asset is exogenous and constant, there is only one price to determine,
the price of shares. In any periodt , this price will depend (a) on realized
dividendsDt , which by assumption can be observed by all stock market
participants (for short: market participants); and (b) on market participation
nt , which in turn depends on last period’s realized dividendsDt−1. If we
exclude bubbles and sunspots,8 the market clearing share price will depend
only on Dt−1 andDt .

Let D := {dL ,dH } denote the set of realizations of dividendsD̃t . We
restrict our attention to equilibria with the following structure: (i) the mar-
ket clearing share price of periodt is a function of market participation
nt ∈ (0,1] and realized dividendsDt ∈ D, that is,Pt = P∗(nt , Dt ); and
(ii) market participationnt is a function of past dividendsDt−1, that is,
nt = n∗(Dt−1). Substitutingn∗(Dt−1) for nt in P∗(·, ·), we can writePt

as a function ofDt−1 and Dt , that is,Pt = p∗(Dt−1, Dt ). This gives the
following definition of a (Markov) equilibrium.

Definition 1. A Markov equilibrium (for short: equilibrium) is a function
p∗ : D2→ R+ such that for all(Dt−1, Dt ) ∈ D2 the stock market clears at
Pt = p∗(Dt−1, Dt ).

As noted above, all markets clear if the stock market clears. There are
two types of equilibrium conditions:

(i) The stock market must clear for each level of market participation [i.e.,
for n∗(dL) andn∗(dH )] and for each possible realization of dividends
(i.e., for Dt = dL andDt = dH ).

(ii) Given market clearing share prices, the participation decisions must be
utility maximizing.

In order to examine the equilibrium, the first step is to analyze the de-
cisions of market participants. Let̃Pt denote the random price of shares in
periodt , t = 1,2, . . . . The observed pricePt is the realization ofP̃t , and

8 Sunspot equilibria may exist in our model, although this seems to be improbable [cf. Chiappori and
Guesnerie (1991) for a review of the sunspots literature and for references; for a recent article that
explains stock price volatility with self-fulfilling beliefs in an overlapping generations model, but does
not investigate sunspot equilibria, see Spiegel (1996)]. However, in our model we need noextransic
uncertainty (i.e., “sun spots”) in order to get fluctuations of market participation and share prices. Thus,
by Occam’s razor, we ignore this possibility.
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in an equilibriump∗ we haveP̃t = p∗(D̃t−1, D̃t ). If a market participant
buysx shares in periodt , her implied stochastic consumptionc̃t+1 is

c̃t+1 = R(w − Pt x)+ (Dt + P̃t+1)x = Rw + (Dt + P̃t+1− RPt )x.

Thus each market participant maximizesE{U [Rw+(Dt+ P̃t+1−RPt )x] |
Dt } with respect tox, subject toc̃t+1 ≥ 0. Because of limc→0U ′(c) = ∞,
the constraint̃ct+1 ≥ 0 is not binding.9 Consequently, the optimalx has to
satisfy the first-order condition

E
{
(Dt + P̃t+1− RPt ) U ′[Rw + (Dt + P̃t+1− RPt )x] | Dt

}
= 0. (1)

SinceU ′′ < 0, the second order condition is fulfilled. If market participation
is nt > 0, the market clearing condition isx = S

nt
. Therefore, markets in

periodt clear if

E

{
(Dt + P̃t+1− RPt ) U ′

[
Rw + (Dt + P̃t+1− RPt )

S

nt

]
| Dt

}
= 0.

(2)
In an equilibrium, eithernt = n∗(dL) =: mL or nt = n∗(dH ) =: mH .

The equilibrium pricePt = P∗(nt , Dt ) = p∗(Dt−1, Dt ) can assume the
four valuespLL := p∗(dL ,dL), pH L := p∗(dH ,dL), pL H := p∗(dL ,dH ),
andpH H := p∗(dH ,dH ). As a representative example, consider the market
clearing condition for the case where previous dividends have beenDt−1 =
dH and current dividends areDt = dL . Then, previous dividends being
Dt−1 = dH implies that current market participation isnt = n∗(dH ) = mH ;
and current dividends beingDt = dL implies (a) that next period’s market
participation will bent+1 = n∗(dL) = mL , and (b) that next period’s
dividends will beDt+1 = dL with probability π and Dt+1 = dH with
probability 1− π . Because of (a) and (b), next period’s share price will
be pLL with probabilityπ and pL H with probability 1− π . Therefore the
return of one share in periodt , net of the interest-augmented share price
Pt = p∗(Dt−1, Dt ) = p∗(dH ,dL) = pH L , is dL + pLL − RpH L with
probability π anddL + pL H − RpH L with probability 1− π . Thus the
market clearing condition [Equation (2)] becomes

π(dL+ pLL−RpH L)U
′
[

Rw+(dL+ pLL−RpH L)
S

mH

]
+ (1−π)(dL+ pL H−RpH L)U

′
[

Rw+(dL+ pL H−RpH L)
S

mH

]
= 0.

9 This holds because the optimalx implies c̃t+1 > 0. Otherwise (i.e., ifct+1 = 0 with positive probability)
we getE{(Dt + P̃t+1−RPt )U ′[Rw+ (Dt + P̃t+1−RPt )x] |Dt } < 0 and a decrease ofx would increase
expected utility.
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For each of the four possibilities(Dt−1, Dt ) = (di ,dj ), wherei, j =
L , H , we get one market clearing condition like the one for(Dt−1,

Dt ) = (dH ,dL) derived above. Each market clearing condition follows
from Equation (2) and the transition probabilities specified in Assump-
tion 2. A concise way of writing these four market clearing conditions is as
follows:

π(dj + pj j − Rpi j )U
′
[

Rw + (dj + pj j − Rpi j )
S

mi

]
+ (1− π)(dj + pjh − Rpi j )U

′
[

Rw + (dj + pjh − Rpi j )
S

mi

]
= 0,

i, j, h = L , H, h 6= j, (3)

whereRw+ (dj + pjk − Rpi j )
S

mi
> 0 for i, j, k = L , H becausẽct+1 > 0

(see note 9). We can rearrange Equation (3) in a way which shows that share
prices are equal to the discounted (gross) returns weighted by the associated
equivalent martingale probabilities:

pi j = 1
R

(dj +pj j ) π U ′[Rw+(dj +pj j −Rpi j )
S

mi ] + (dj +pjh ) (1−π) U ′[Rw+(dj +pjh−Rpi j )
S

mi ]
π U ′[Rw+(dj +pj j −Rpi j )

S
mi ] + (1−π) U ′[Rw+(dj +pjh−Rpi j )

S
mi ]

,

i, j, h = L , H ; h 6= j . (4)

Market participation is endogenous. Therefore, in addition to Equa-
tion (3) we have the equilibrium condition that market participationmi ,
i = L , H , must be the outcome of rational individual decisions. Conse-
quently, givenDt−1 = di , agenta = mi ≥ ε must be indifferent between
participating in the stock market and not participating. For periodt this
implies the equilibrium condition

U (Rw) = E

{
U

[
Rw + (D̃t + P̃t+1− RP̃t )

S

mi

]
| Dt−1 = di

}
− k(mi )

for i = L , H.

Agents with positive participation costs will participate only if from par-
ticipating they expect a rent which will compensate them for their participa-
tion effort. Because agents are risk averse and absolute risk aversion is non-
increasing, demand for shares is downward sloping.10 Consequently, market
participants do indeed receive a consumer surplus, or rent. Given the partici-
pation levelmi , this consumer surplus isE{U [Rw+(D̃t+ P̃t+1−RP̃t )

S
mi

] |

10 Intuitively, this stems from the fact that each additional share increases the risk of the portfolio by more
than the previous one. Therefore, the value of the marginal share decreases with the number of shares in
the portfolio [for the case of constant absolute risk aversion a more rigorous argument can be found in
Orosel (1996, pp. 1397–1398)].
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Dt }−U (Rw). Each agent of generationt has to decide about market partic-
ipation before observingDt , and thus before knowing the consumer surplus.
However, the agent observes past dividendsDt−1. Therefore the agent will
derive market participationnt = n∗(Dt−1) = mi and base the participation
decision on the expected consumer surplus conditional onDt−1, which is
E{U [Rw + (D̃t + P̃t+1 − RP̃t )

S
mi

] | Dt−1} − U (Rw). Because of As-
sumption 4 and the equilibrium condition for rational market participation
specified above, the expected consumer surplus exceeds the participation
costsk(a) for agentsa < mi , whereas for agentsa > mi the participation
costs exceed the expected consumer surplus. Thus all agentsa < mi will
participate, and all agentsa > mi will not participate in the stock market.
The resulting participation level ismi .

Because of Assumption 2 the equilibrium condition for market partici-
pation is equivalent to the following two equations, explained below:

U (Rw) = π2 U

[
Rw + (dL + pLL − RpLL)

S

mL

]
(5)

+π(1− π) U

[
Rw + (dL + pL H − RpLL)

S

mL

]
+π(1− π) U

[
Rw + (dH + pH H − RpL H )

S

mL

]
+ (1− π)2 U

[
Rw + (dH + pH L − RpL H )

S

mL

]
− k(mL),

U (Rw) = π2 U

[
Rw + (dH + pH H − RpH H )

S

mH

]
(6)

+π(1− π) U

[
Rw + (dH + pH L − RpH H )

S

mH

]
+π(1− π) U

[
Rw + (dL + pLL − RpH L)

S

mH

]
+ (1− π)2 U

[
Rw + (dL + pL H − RpH L)

S

mH

]
− k(mH ).

The derivation of Equations (5) and (6) is based on the transition proba-
bilities (Assumption 2). For instance, if dividends areDt−1 = dL in period
t−1, dividends in periodt will be Dt = dL with probabilityπ ; and thus the
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share price in periodt + 1 conditional onDt−1 = dL will be Pt+1 = pLL

with probabilityπ2 and Pt+1 = pL H with probabilityπ(1− π). This ex-
plains the first two terms on the right-hand side of Equation (5). The other
terms in Equations (5) and (6) follow from analogous considerations.

Any solution(pLL , pH L , pL H , pH H , mL , mH ) of Equations (4)–(6)
such thatpi j ∈ R+ and mi ∈ [ε,1], i, j = L , H gives an equilibrium
with p∗(di ,dj ) = pi j andn∗(di ) = mi for i, j = L , H . Before we prove
existence, we derive two propositions. For the first one we recall thatr =
R− 1; thusr is equivalent to a riskless rate of interest.

Proposition 1. In an equilibrium it holds that

pi j ∈
(

dL

r
,

dH

r

)
for i, j = L , H, (7)

pi H > pi L for i = L , H, (8)

pL H > pH L . (9)

Furthermore, in an equilibrium the price process{Pt }∞t=1 is ergodic; the
limiting distribution for the states(pLL , pH L , pL H , pH H ) is given by
Pr(pLL) = Pr(pH H ) = π

2 andPr(pH L) = Pr(pL H ) = 1−π
2 .

Proof. See Appendix.

If dividends were always low (high) for sure, the share price would bedL

r

(dH

r ). This explains Equation (7). Ceteris paribus, higher dividends should
imply a higher share price, and Equation (8) shows this to be true. Because
of Equation (9), dividends are more influential than market participation for
the share price.

Proposition 2. In an equilibrium, pH j ≥ pL j if and only if mH ≥ mL, and
pH j > pL j if and only if mH > mL; j = L , H.11

Proof. See Appendix.

With higher market participation each participating agent will hold fewer
shares in equilibrium. Therefore the marginal share adds less risk to the
equilibrium portfolio and consequently the share price will be higher.12

This explains Proposition 2, which states that ceteris paribus high dividends
lead to a high share price in the next period if and only if they induce

11 The participation levelsmL andmH are taken as exogenous in the proof. Therefore Proposition 2 holds
analogously for market clearing prices associated with nonequilibrium participation levels, that is, for a
vector(pLL , pH L , pL H , pH H , mL , mH ) which fulfills Equation (3) but not Equations (5) and (6).

12 Level effects could lead to a lower share price. In the proof of Proposition 2 we use the assumption
that absolute risk aversion is nonincreasing, and this assumption prevents level effects from generating
counterintuitive results.
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high market participation (in the next period). Proposition 2 implies that
if market participation is constant (i.e., ifmH = mL ), share prices depend
only on current dividends (i.e.,pH j = pL j , j = L , H ). Below we show
that in an equilibrium market participation is not constant, but fluctuates
(Corollary 2) and increases price volatility (Proposition 7). First we prove
that an equilibrium exists.

Proposition 3. There exists an equilibrium.

Proof. See Appendix.

Corollary 1. For any equilibrium it holds that mi > ε for i = L , H; that
is, some agents with positive participation effort participate in the stock
market in every period.

Proof. The last part of the proof of Proposition 2 implies the corollary.

Corollary 1 holds because participating agents receive a consumer sur-
plus. Otherwise they would never expend effort. If agents were risk neutral,
consumer surplus would be zero and only agents without participation costs
would participate (i.e.,nt = ε for all t = 1,2, . . .).

In an equilibrium, share prices are mean reverting; and discounted share
prices augmented by dividends will not be a martingale, in general. Thus
our model is consistent with the literature on the so-called predictability of
stock returns, referred to in the introduction.

3. Equilibrium Participation Levels and Rational Trend Chasing

In our model, trend chasing means that market participation rises after an
increase of the share price and falls after a decrease, that is, we can define
trend chasing as a positive statistical relationship between the change in
market participation1ñτ+1 := ñτ+1 − ñτ and the preceding change in the
share price1P̃τ := P̃τ − P̃τ−1, whereñτ := n∗(D̃τ−1), τ = 1,2, . . . .
Frequently, trend chasing is either explained by introducing nonrational
traders in addition to rational agents, as in De Long et al. (1990), or is simply
regarded as clear evidence of irrational behavior, as in Patel, Zeckhauser, and
Hendricks (1991). In still other studies it is interpretedas rationalbehavior, at
least “to a certain extent” [Wong (1995, p. 449)], but no rigorous explanation
of why trend chasing can be rational when no non-rational agents exist is
given. Recently Brennan and Cao (1996) provided such an explanation. In
the context of a noisy rational expectations model with disparately informed
agents, they show that in the equilibrium which is not fully revealing “poorly
informed agents tend to be ‘trend-chasers’ ” (p. 164). However, when they
extend their model to allow for the arrival of private information in more
than one period, they have to introduce nonrational “liquidity traders” since
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otherwise the fully revealing equilibrium, where trend chasing cannot occur,
is the only (linear) rational expectations equilibrium. Although their model
is very different from our model, their explanation of trend chasing is similar
to the one we develop below in the sense that trend chasing is rational
and has informational reasons. Empirically, the two explanations, which
are not mutually exclusive, could be distinguished by looking at market
participation: in contrast to our model, all agents participate in all market
sessions in Brennan and Cao (1996).

In this section we show that our model implies trend chasing. Moreover,
in our case trend chasing is perfectly rational and there are no nonrational
agents in the model. Thus trend chasing does not require nonrational traders
and empirical evidence of trend chasing is not, as such, a sufficient proof
of irrational behavior.

What is the intuition behind rational trend chasing? We already know that
market participation will be higher if expected rents from participating are
higher. Since high dividends in periodτ − 1 imply a high share pricePτ−1
[cf. Equation (8)], we get rational trend chasing if high dividends in period
τ − 1 signal high rents from market participation in periodτ . Thus trend
chasing is generated by the fact that share prices are positively correlated
with the rents received by market participants in the next period.

In the following we establish three results which will then imply trend
chasing. First, we derive that in any equilibrium it holds thatmH 6= mL , that
is, market participation fluctuates. Second, we prove that there always exists
an equilibrium such that high dividends induce high market participation
in the next period, that is,mH > mL . Third, we demonstrate that this holds
for every equilibrium, if relative risk aversion is not too large. On the basis
of these results we will be able to show that trend chasing occurs.

Intuitively, one may expectmH > mL , that is, that high dividends induce
high market participation in the next period. Because ofπ > 1

2, dividendsD̃t

conditional onDt−1 = dH stochastically dominate dividendsD̃t conditional
on Dt−1 = dL . But this does not implymH > mL . Since dividends are
known for sure when trade takes place, they will be completely incorporated
in the price of shares and consequently only the old generationt − 1 will
be affected by the realization of the dividendsD̃t .13 Thus it needs a deeper
analysis to find out whether in an equilibrium it holds thatmH > mL .
The first step is Lemma 1. In this lemma we consider the hypothetical
situation that market participation is exogenously given and constant, that
is, nt = M ∈ (0,1] for all t = 1,2, . . ., and that share prices are market

13 To illustrate, assume that at the end of periodt −1 unexpectedly we increaseDt by someδ > 0 (with Dτ

remaining unaltered for allτ 6= t). SinceDt , respectivelyDt + δ, are known when market participants
decide about their demand in periodt , this will increase the market clearing price toPt + 1

Rδ. The old
generation will gain from the higher share price, whereas the young generation is indifferent betweenDt

andPt on the one hand andDt + δ andPt + 1
Rδ on the other.
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clearing.14 The lemma states that in this situation each prospective market
participant of periodt achieves higher expected utility from consumption (in
periodt + 1) conditional on dividendsDt−1 = dH than from consumption
conditional on dividendsDt−1 = dL . Because of Assumption 4 this implies
thatmH 6= mL in an equilibrium (Corollary 2 below).

Lemma 1. Let market participation nt be given by the constant level nt =
M ∈ (0,1] for all t = 1,2, . . ., and let Pt = pH and Pt = pL be the market
clearing prices associated with Dt = dH and Dt = dL, respectively. Then,

E[U (c̃t+1) | Dt−1 = dH ] > E[U (c̃t+1) | Dt−1 = dL ],

where

E[U (c̃t+1) | Dt−1 = di ]

= π
{
π U

[
Rw + (di + pi − Rpi )

S

M

]
+ (1− π) U

[
Rw + (di + pj − Rpi )

S

M

]}
+ (1− π)

{
πU

[
Rw + (dj + pj − Rpj )

S

M

]
+ (1− π)U

[
Rw + (dj + pi − Rpj )

S

M

]}
,

i, j = L , H, i 6= j .

Proof. See Appendix.

Lemma 1 is crucial for our results, but unfortunately it has no straight-
forward interpretation. In order to gain some intuition we proceed indi-
rectly. First, it is important to see that Lemma 1 compares utilities, not
returns. As noted above, agents receive a consumer surplus from buying
shares. The expected consumer surplus of an agent of generationt who
has observed past dividendsDt−1, but not yet current dividendsDt , is
E[U (c̃t+1) | Dt−1] − U (Rw) > 0. Lemma 1 shows that this expected
consumer surplus is higher in stateDt−1 = dH than in stateDt−1 = dL .
Why should this be so?

From inspection of the terms in brackets in the expression (spelled out in
Lemma 1) forE[U (c̃t+1) | Dt−1 = di ], i = L , H, we see that conditional
on Dt−1 the decision for stock market participation in periodt effectively is

14 For nt = M, t = 1,2, . . ., the market clearing share pricePt in period t depends onDt , but not on
Dt−1, t = 1,2, . . . . This follows from the fact that Proposition 2 holds analogously for all market
clearing prices (associated with any participation levels).
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the decision to participate in a compound lottery. This compound lottery de-
pends on the stateDt−1. However, the prizes—which are, again, lotteries—
are the same in each stateDt−1; only the probabilities of receiving these
prizes differ. The prizes areS/M units of the two lotteriesLH andLL , re-
spectively, defined as follows: One unit of lotteryLH pays(dH+pH−RpH )

with probabilityπ , and(dH+ pL−RpH )with probability 1−π ; one unit of
lotteryLL pays(dL + pL −RpL)with probabilityπ , and(dL + pH −RpL)

with probability 1− π . In stateDt−1 = dH the compound lottery of stock
market participation paysS/M units of lotteryLH with probabilityπ and
S/M units of lotteryLL with probability 1−π , whereas in stateDt−1 = dL

these probabilities are reversed, being 1−π andπ , respectively. Sinceπ > 1
2

Lemma 1, that is,E[U (c̃t+1) | Dt−1 = dH ] > E[U (c̃t+1) | Dt−1 = dL ],
holds if and only if there is a higher consumer surplus associated with lot-
teryLH than with lotteryLL . For an interpretation of Lemma 1 we have to
understand why this condition is satisfied.

The consumer surplus is due to the fact that in a competitive equilib-
rium agents pay for each share the reservation price of themarginalshare,
which decreases with the number of shares. Each additional share aug-
ments the risk of the portfolio. The higher, at each given number of shares
in the portfolio, this risk-augmenting effect of the marginal share is, the
faster the reservation price will decrease and thus the higher the consumer
surplus will be. Therefore, in order to understand Lemma 1 we have to
show that the lotteryLH has a higher marginal effect on the risk of the
portfolio consisting ofx units of LH than lotteryLL has on the risk of
the portfolio consisting ofx units ofLL , wherex is any nonnegative real
number.

In this nonrigorous, intuitive inspection we ignore several level effects
(which complicate the rigorous proof) and normalize the two lotteriesLH

andLL to have the same expectation of zero. Subtracting their expected
values (which areπpH + (1−π)pL+dH −RpH for LH , and(1−π)pH +
πpL + dL − RpL for LL , respectively) gives the normalized lotteriesL̂H

andL̂L : One unit of lotteryL̂H pays−π(pH − pL) with probability 1−π ,
and(1−π)(pH− pL)with probabilityπ ; one unit of lotteryL̂L pays−(1−
π)(pH−pL)with probabilityπ , andπ(pH−pL)with probability 1−π . The
probability distributions ofL̂H andL̂L are depicted in Figure 1. Because of
π > 1/2 the distribution ofL̂H is necessarily skewed to the left, whereas the
distribution ofL̂L is skewed to the right. Since both lotteries have expected
payoffs of zero, they differ only with respect to risk. Unfortunately, the two
lotteries cannot be compared according to the Rothschild-Stiglitz criterion
of increasing risk [Rothschild and Stiglitz (1970)], which is based on risk
aversion only. However, if in addition to risk aversion the rate of absolute risk
aversion is nonincreasing (Assumption 3), then marginal utility is convex
[i.e., U ′′′ > 0; see Equation (23) in the Appendix for a proof] and in this
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Figure 1
The probability distribution of L̂H and L̂L , respectively
Outcomes are measured on the horizontal axis, probabilities are measured vertically. The positive real
numberspH and pL , pH > pL , denote the share price in the high and low dividend state, respectively.
One unit of lotteryL̂H pays−π(pH − pL ) < 0 with probability 1− π , and(1− π)(pH − pL ) > 0 with
probabilityπ ; one unit of lotteryL̂L pays−(1−π)(pH−pL ) < 0 with probabilityπ , andπ(pH−pL ) > 0
with probability 1− π .

case we can, in fact, compare the risk of the two lotteries. Intuitively, with
convex (and decreasing) marginal utility agents will prefer a distribution that
is skewed to the right (where marginal utility is less steep) to a distribution
that has the same mean and is skewed to the left. Because of this, they will
regard lotteryL̂H as more risky than lotterŷLL . The following remark shows
this intuition to be correct. In this remark we contrast the two portfolios
consisting ofx units of lotteryL̂H and lotteryL̂L , respectively, wherex is
any nonnegative real number.

Remark 1. Consider two portfolios, one consisting of x units of lottery
L̂H (called L̂H portfolio) and the other consisting of of x units of lottery
L̂L (called L̂L portfolio), where x> 0. For each utility function U(c)
which is three times differentiable and satisfies U′(c) > 0, U ′′(c) < 0, and
U ′′′(c) > 0, the following holds:

(i) For any x> 0, theL̂H portfolio is more risky than thêLL portfolio.
(ii) At any x> 0, a marginal increase in x decreases the expected utility of

theL̂H portfolio more than the expected utility of theL̂L portfolio, that
is, the marginal effect of the lotterŷLH on the risk of theL̂H portfolio
is larger than the marginal effect of the lotterŷLL on the risk of theL̂L

portfolio.
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Proof. See Appendix.

Because of Remark 1 we expect a higher consumer surplus to be associ-
ated with lotteryLH than with lotteryLL . Consequently, at the respective
equilibrium price agents will prefer a compound lottery which gives more
weight to lotteryLH than to lotteryLL , and this implies Lemma 1. An
immediate consequence of Lemma 1 is the following corollary.

Corollary 2. For any equilibrium it holds that mH 6= mL.

Proof. Indirect. Assume thatmL = mH = M in an equilibrium. Then
pH H = pL H = pH andpH L = pLL = pL . Using the notation of Lemma 1,
Equations (5) and (6) implyE[U (c̃t+1) | Dt−1 = dH ] = U (Rw)+k(M) =
E[U (c̃t+1) | Dt−1 = dL ]. This contradicts Lemma 1 and proves the propo-
sition.

In spite of Lemma 1 we cannot prove that for every equilibrium it holds
that mH > mL . However, we can derive two somewhat weaker results:
(i) there always exists an equilibrium withmH > mL ; (ii) if relative risk
aversion is not too large,mH > mL holds for every equilibrium. The fol-
lowing proposition states the first result.

Proposition 4. There exists an equilibrium p∗ such that mH > mL and
consequently pH H > pL H > pH L > pLL.

Proof. See Appendix.

For the remaining part of our analysis we introduce an additional as-
sumption concerning the utility functionU (c). Letβ(c) := −U ′′(c)

U ′(c) c denote
relative risk aversion. We assume

β(c) < 1+ Rw

c− Rw
for all c > Rw. (10)

For sufficiently large Rw this assumption is not implausible. Since
d[zU′(Rw+z)]

dz = U ′(Rw + z) + zU′′(Rw + z) = U ′(Rw + z)[
1− z

Rw+zβ(Rw + z)
]
, Equation (10) is equivalent to

d[zU′(Rw + z)]

dz
= U ′(Rw+ z)+ zU′′(Rw+ z) > 0 for all z> −Rw

(11)
(for z≤ 0, i.e.,c ≤ Rw, Equation (11) follows fromU ′ > 0 andU ′′ < 0).
Because of Equation (1) the inequality of Equation (11) is equivalent to the
following statement: If we increase, ceteris paribus, the return of shares in
any single state of the world which occurs with positive probability, then
demand for shares will increase. Therefore Equation (10) seems to be an
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acceptable assumption. Although this assumption may not be necessary for
the results derived below, it will be of great help in the analysis.15

For the following lemma we regard market participation as exogenous
and analyze its effects on share prices. We consider two exogenous partic-
ipation levels,ML and MH , whereε ≤ Mi ≤ 1 for i = L , H and where
market participationnt in period t is exogenously given bynt = Mi if
Dt−1 = di , i = L , H . Let P = (PLL , PH L , PL H , PH H ) denote the market
clearing share prices associated with the exogenously given participation
levels (ML ,MH ), that is, Pi j will clear the stock market in periodt if
Dt−1 = di (implying nt = Mi ) andDt = dj , i, j = L , H . The following
lemma shows thatP is a strictly increasing function of(ML ,MH ), that is,
an increase in any of the two (exogenous) participation levels will lead to
an increase in all four share prices.

Lemma 2. If Equation (10) holds, market clearing share prices P=
(PLL , PH L , PL H , PH H ) are differentiable, positive functions of the market
participation levels(ML ,MH ) ∈ [ε,1]2 and

∂Pi j

∂Mk
> 0; i, j, k = L , H. (12)

Proof. See Appendix.

With the help of Lemmas 1 and 2 we are now ready to prove that Equa-
tion (10), that is, the assumption that relative risk aversion is not too large,
is a sufficient condition formH > mL . Below we will show that this, in
turn, implies trend chasing.

Proposition 5. If Equation (10) holds, then mH > mL and consequently
pH H > pL H > pH L > pLL in every equilibrium.

Proof. See Appendix.

Proposition 5 demonstrates that under plausible assumptions we get
mH > mL . It is easy to show that an equilibrium withmH > mL implies (ra-
tional) trend chasing. Table 1 lists (i) all eight possibilities for(Pt−1, Pt ) =
(phi , pi j ), h, i, j = L , H ; (ii) the associated vector(nt ,nt+1) = (ni ,nj ),
i, j = L , H ; (iii) the implied pair(sgn1Pt , sgn1nt+1); and (iv) the (limit-
ing) probability of each observation. This table immediately implies Propo-
sition 6, which clearly shows that in an equilibrium withmH > mL there
is rational trend chasing. Intuitively there is a positive correlation between
last period’s share price and the expected consumer surplus from market

15 If Equation (10) is assumed, we can replaceα′(c) ≤ 0 in Assumption 3 by the weaker requirement
U ′′′(c) > 0 without changing any of the results. This holds because, as doesα′(c) ≤ 0, Equation (11)
implies ∂FL (y,n)/∂y < 0 in the proof of Proposition 2 and∂F(y)/∂y < 0 in the proof of Claim 1
(which is part of the proof of Lemma 1).
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Table 1
Trend chasing

(Pt−1, Pt ) (nt ,nt+1) (sgn1Pt , sgn1nt+1) Probability

(pH H , pH H ) (mH ,mH ) (0,0) π2

2

(pH H , pH L ) (mH ,mL ) (–,–) π(1−π)
2

(pL H , pH H ) (mH ,mH ) (+,0) π(1−π)
2

(pL H , pH L ) (mH ,mL ) (–,–) (1−π)2
2

(pH L , pL H ) (mL ,mH ) (+,+) (1−π)2
2

(pH L , pLL ) (mL ,mL ) (–,0) π(1−π)
2

(pLL , pL H ) (mL ,mH ) (+,+) π(1−π)
2

(pLL , pLL ) (mL ,mL ) (0,0) π2

2

Table 1 lists in the first column all eight possibilities for the share prices
(Pt−1, Pt ) = (phi , pi j ),h, i, j = L , H in periodt−1 andt , respectively; in
the second column the associated vector(nt ,nt+1) = (ni ,nj ), i, j = L , H
of stock market participation in periodt − 1 andt , respectively; in the
third column the implied pair(sgn1Pt , sgn1nt+1) of the sign of the price
change in periodt and of the asssociated change in market participation
in the following periodt + 1; and in the fourth column the (limiting)
probability of each observation.

participation in this period, and this implies a positive correlation between
last period’s share price and this period’s level of market participation, that
is, (rational) trend chasing.

Proposition 6. In an equilibrium with mH > mL,

(i) 1nt+1 6= 0 implies sgn1nt+1 = sgn1Pt ,

(ii) 1Pt ≥ 0 implies1nt+1 ≥ 0,

(iii) 1Pt = 0 implies1nt+1 = 0,

(iv) 1Pt ≤ 0 implies1nt+1 ≤ 0,

(v) Pr(sgn1nt+1 = sgn1Pt ) = 1− π(1− π) ∈ (3
4,1).

Proof. See Table 1.

4. Volatility

In principle, fluctuations of market participation may increase or decrease
share price volatility. It is not easy to analyze this question in our model for
two reasons. First, there is the conceptual difficulty that even with constant
market participation volatility of share prices will depend on the chosen
constant level of market participation, and that it is not clear which constant
level should be taken for the comparison. Second, since we have no explicit
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solution for the model, it is difficult to derive any rigorous results. In spite of
these difficulties we will nevertheless be able to show that the endogenous
fluctuations of market participation increase share price volatility in our
model. This is relevant for the excess volatility debate because it implies that,
due to endogenously changing levels of market participation, the volatility
of stock prices can exceed the volatility of the present value of expected
future dividends even if all agents are rational and discount rates are constant
over time. Thus our analysis can contribute, in part, to an explanation of the
observed “excess volatility” of stock prices.

Consider an equilibriump∗ with pLL < pH L < pL H < pH H and as-
sociated equilibrium participation levelsmL < mH . We want to show that
the equilibrium pricesp := (pLL , pH L , pL H , pH H ) are “more volatile”
than the market clearing pricesP = (PLL , PH L , PL H , PH H ) associated
with some constant exogenous market participation levelM = ML = MH .
Because ofML = MH , we havePH L = PLL and PL H = PH H . For
any M ∈ [ε,1] let PL(M) denote the associated market clearing price
PH L = PLL if dividends are low(Dt = dL), and letPH (M)denote the asso-
ciated market clearing pricePL H = PH H if dividends are high(Dt = dH ).
Market clearing impliesPL(M) < PH (M), analogous to Equation (8).
The following definition makes precise when we regard the share prices
P(M) := [ PL(M), PH (M)] for a givenM as “less volatile” than the equi-
librium pricesp = (pLL , pH L , pL H , pH H ).

Definition 2. Let p = (pLL , pH L , pL H , pH H ), pLL < pH L < pL H <

pH H , be equilibrium prices corresponding to equilibrium participation lev-
els (mL ,mH ), and let P(M) = [ PL(M), PH (M)] be the market clearing
prices associated with a given constant participation level M∈ [ε,1].
Then the prices P(M) are less volatile than the equilibrium prices p if the
following two conditions hold:

pLL < PL(M) < PH (M) < pH H , (13)

PH (M)− PL(M) < min (pL H − pLL , pH H − pH L). (14)

If Equations (13) and (14) hold, then the variances conditional onDt−1,
the unconditional variance, and the range of the equilibrium share pricesp
all exceed the respective volatility measures ofP(M).

The following proposition shows that the endogenous fluctuations of
market participation levels do, in fact, increase the volatility of equilibrium
share prices.

Proposition 7. Assume Equation (10) and let p∗ be an equilibrium with par-
ticipation levels(mL ,mH ) and prices(pLL , pH L , pL H , pH H ). Then there
exists an intervalI ⊂ [mL ,mH ] of positive length such that for all participa-
tion levels M∈ I the associated market clearing prices[ PL(M), PH (M)]
are less volatile than the equilibrium prices(pLL , pH L , pL H , pH H ).
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Proof. See Appendix.

5. Concluding Remarks

There is an emerging literature on the effects of fixed costs of participa-
tion in asset markets. This literature demonstrates that taking participation
costs into account can help to explain stylized facts. Our analysis adds to
this literature. For an overlapping generations model in which dividends
follow a Markov process we have shown that participation costs generate
endogenous fluctuations of participation levels in the stock market. Specif-
ically, participation levels covary positively with preceding innovations in
dividends. This leads to rational trend chasing: participation in the stock
market rises after an increase in the share price and falls after a decrease,
even though all agents are perfectly rational. Moreover, the endogenous
fluctuations of stock market participation add to the effects of dividends
on share prices and increase volatility. Therefore, fixed participation costs
and the associated fluctuations of market participation can be part of an
explanation of the observed “excess volatility” of share prices.

How robust are these results? Two assumptions of the model are par-
ticularly restrictive: that the risk-free rate of return is constant, and that
dividends follow a simple Markov process. Can we expect our results to
hold if we replace these assumptions by more realistic ones?

If the supply of the riskless asset is not infinitely elastic at a constant
rate of return, an increase in the demand for it will raise its “price,” that is,
decrease the riskless rate of return. How will this affect our results? The
driving force in the model is that innovations in dividends lead to innovations
in expected rents from participating in the stock market, with high dividends
implying high expected rents and thus high market participation in the next
period. If the risk-free rate decreases when demand for the riskless asset
increases, the difference in the rents from market participation between
states with high and low levels of market participation will be reduced.
However, it will not be eliminated or reversed, since ceteris paribus the risk-
free rate will only be higher when demand for the riskless asset is lower,
which implies that demand for the alternative asset and thus participation
in the stock market has to be higher. Consequently, with a variable risk-free
rate, high (low) dividends will still imply high (low) market participation,
and trend chasing follows. Therefore we can expect our results—which are
qualitative, not quantitative results—to hold as well when the risk-free rate
is variable.

There are also reasons to be confident that our results generalize to a
wider class of dividend processes. The essential feature of the model’s divi-
dend process—which is responsible for rational trend chasing—is that high
(low) dividends signal high (low) rents from market participation in the next
period. Although this will not be true for all dividend processes, we have
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no reason to believe that this is a very peculiar property only of the divi-
dend process chosen for simplicity in our model. For instance, dividends
may follow a martingale where the conditional distribution of innovations
in dividends is different for different levels of present dividends. In general,
a higher conditional variance of returns (dividends plus capital gains) will
be associated with higher risk and thus with a higher rent for investors. If
in equilibrium the conditional variance of future returns is increasing in the
current dividend level and if dividends and prices are positively correlated,
there will be a positive correlation between present prices and tomorrow’s
rents from market participation. Therefore trend chasing follows. This illus-
trates that rational trend chasing (and “excess volatility”) can be expected
to be generated by a wide class of dividend processes. However, a rigorous
analysis of a model with a general dividend process would be extremely
difficult if not impossible to perform, and without such an analysis we can-
not identify theoretically the set of dividend processes that will lead to trend
chasing.

Finally, the other assumptions of our model are less heroic, and it is easily
seen that our results would survive modifications of these assumptions as
well. Thus our results seem to be robust. Participation costs and participation
levels can indeed help to explain trend chasing and “excess volatility” and
should be taken into account, if possible, in empirical studies.

6. Appendix

Proof of Proposition 1. Define pmax := maxi, j∈{L ,H} pi j and pmin :=
mini, j∈{L ,H} pi j . Then Equation (4) impliespi j ≤ R−1(dH + pmax), and
thus pmax≤ dH

r . Analogously,pmin ≥ dL

r . This gives

dL

r
≤ pi j ≤ dH

r
for i, j = L , H. (15)

First we prove Equation (8) by contradiction. For notational convenience
let κ( j ), j ∈ {L , H} be defined byκ(L) = H andκ(H) = L. Assume
pL H ≤ pLL . ThendL+pLL−RpLL ≥ dL+pL H−RpLL . Since Equation (3)
implies (dj + pj j − Rpi j )(dj + pj κ( j ) − Rpi j ) ≤ 0 for i, j = L , H ,
we get 0≤ dL + pLL − RpLL and thusdL

r = pLL = pL H because of
Equation (15) andpL H ≤ pLL . But from Equations (4) and (15) we get
pL H ≥ R−1(dH + dL

r ) >
dL

r = pLL , contradictingpL H ≤ pLL . Therefore
pL H > pLL . Similarly pH H > pH L follows. This proves Equation (8).
Because of Equation (3),dj + pj j − Rpj j = 0 impliesdj + pj κ( j )− Rpj j =
0 and thuspj κ( j ) = pj j for j = L , H . This gives strict inequalities in
Equation (15) and thus Equation (7). FrompH H > pH L and Equation (3)
we derive 0> dH − rpL H + pH L − pL H and Equation (9) follows because
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of Equation (7). Finally, the transition matrix8 = (φi j ) for the states
(pLL , pH L , pL H , pH H ) is given by

8 =

π 0 1− π 0
π 0 1− π 0
0 1− π 0 π

0 1− π 0 π

 .
Since82À 0 andφi i > 0 for i = 1,4,8 is indecomposable (irreducible)
and primitive. This implies ergodicity of{Pt }∞t=1 [see, e.g., Cox and Miller
(1965,p. 124)].The limitingprobabilities follow from(π2 ,

1−π
2 , 1−π

2 , π2 )8 =
(π2 ,

1−π
2 , 1−π

2 , π2 ).

Proof of Proposition 2. Let p = (pLL , pH L , pL H , pH H ) be an equilib-
rium and letm = (mL , mH ) be the associated participation levels. Define
FL(y,n) := π (dL + pLL − Ry) U ′[Rw + (dL + pLL − Ry) S

n ] + (1−
π) (dL+ pL H−Ry)U ′[Rw+(dL+ pL H−Ry) S

n ],where(y,n) ∈ {(y,n) |
y ≥ 0, n > 0, Rw + (dL + pL j − Ry) S

n > 0, j = L , H}. Because of
Equation (3),FL(pLL , mL) = 0 andFL(pH L ,mH ) = 0. For the partial
derivatives ofFL we get

∂FL(y,n)

∂n
= − S

n2
E

{
(dL+ P̃t+1−Ry)2

×U ′′
[

Rw+(dL+ P̃t+1−Ry)
S

n

]
| Dt = dL

}
> 0; (16)

∂FL(y,n)

∂y
= −RE

{
U ′
[

Rw+(dL+ P̃t+1−Ry)
S

n

]
| Dt = dL

}
− R

S

n
E

{
(dL+ P̃t+1−Ry)

×U ′′
[

Rw+(dL+ P̃t+1−Ry)
S

n

]
|Dt=dL

}
. (17)

Because ofα = −U ′′/U ′, E{(dL + P̃t+1 − Ry)U ′′[Rw + (dL + P̃t+1 −
Ry) S

n ] | Dt = dL} = −E{(dL + P̃t+1 − Ry)U ′[Rw + (dL + P̃t+1 −
Ry) S

n ][α[Rw+(dL+P̃t+1−Ry) S
n ]−α(Rw)] | Dt = dL}−α(Rw)FL(y,n).

Sinceα′ ≤ 0 (Assumption 3),(dL + P̃t+1 − Ry){α[Rw + (dL + P̃t+1 −
Ry) S

n ] − α(Rw)] ≤ 0. ConsequentlyFL(y,n) ≤ 0 implies ∂FL (y,n)
∂y < 0

because of Equation (17), and in particular∂FL (y,n)
∂y < 0 for FL(y,n) = 0.

Because of this, Equation (16), and the implicit function theorem there ex-
ists a differentiable functiong(n) such thatFL [g(n),n] = 0 andg′(n) > 0
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(sincey ∈ R1 this holds globally). From this andFL(pLL ,mL) = 0 =
FL(pH L ,mH ) we get the result thatpH L ≥ pLL if and only if mH ≥ mL ,
and pH L > pLL if and only if mH > mL . Analogously we can derive that
pH H ≥ pL H (pH H > pL H ) if and only if mH ≥ mL (mH > mL).

Proof of Proposition 3. Define the setsP andM by P := [ dL

r ,
dH

r ]4 and
M := [ε,1]2, respectively. Letp = (pLL , pH L , pL H , pH H ) denote an
element ofP, and m = (mL ,mH ) an element ofM. As in the proof
of Proposition 1 letκ( j ), j ∈ {L , H} be defined byκ(L) = H and
κ(H) = L. Further, defineci j j (p,m) andci j κ( j )(p,m) by ci j j (p,m) :=
Rw+(dj+ pj j −Rpi j )

S
mi

andci j κ( j )(p,m) := Rw+(dj+ pj κ( j )−Rpi j )
S

mi
,

respectively, wherei, j = L , H . In the following we suppress the arguments
(p,m) and just writeci j j andci j κ( j ), respectively. Corresponding to Equa-
tion (4), we define four functionsfi j : P ×M → [ dL

r ,
dH

r ], i = L , H ,
by

fi j (p,m) :=


1
R
(dj+pj j )πU ′(ci j j )+(dj+pj κ( j ))(1−π)U ′(ci j κ( j ))

πU ′(ci j j )+(1−π)U ′(ci j κ( j ))
if

ci j j > 0 andci j κ( j ) > 0,

1
R min

[
dj + pj j ,dj + pj κ( j )

]
otherwise,

(18)

for i, j = L , H.

First, we show thatfi j (p,m) ∈ [ dL

r ,
dH

r ]. This follows from fi j (p,m) ≥
R−1 min[dj + pj j ,dj + pj κ( j )] ≥ dL

r , and fi j (p,m) ≤ R−1 max[dj +
pj j ,dj + pj κ( j )] ≤ dH

r . Next, we prove thatfi j (p,m) is continuous. For
(p,m) ∈ P ×M such that (i)ci j j < 0, or (ii) ci j κ( j ) < 0, or (iii) ci j j > 0
andci j κ( j ) > 0 continuity is obvious. This also covers the case whereci j j

andci j κ( j ) are both negative. The remaining cases are(p,m) ∈ P×M such
thatci j j ≥ 0 andci j κ( j ) ≥ 0 with at least one equality holding. Take the case
wherei and j are fixed andci j j = 0,ci j κ( j ) > 0 for ( p̂, m̂) ∈ P×M. Con-
sequently,fi j ( p̂, m̂) = R−1 min[dj + p̂j j ,dj + p̂j κ( j )] = R−1(dj + p̂j j )

because 0< ci j κ( j ) − ci j j = ( p̂j κ( j ) − p̂j j )
S

mi
and hencep̂j κ( j ) > p̂j j .

Since limc→0 U ′ = ∞, lim(p,m)→( p̂,m̂) fi j (p,m) = R−1(dj + p̂j j ) =
fi j ( p̂, m̂). Thus fi j is continuous at( p̂, m̂). Similarly, continuity follows
at ( p̂, m̂) ∈ P ×M such thatci j j > 0 andci j κ( j ) = 0 for any fixed
i and j becausefi j ( p̂, m̂) = R−1 min[dj + p̂j j ,dj + p̂j κ( j )] = dj +
p̂j κ( j ) = lim(p,m)→( p̂,m̂) fi j (p,m). The last case is( p̂, m̂) ∈ P × M
such thatci j j = ci j κ( j ) = 0. This impliesp̂j κ( j ) = p̂j j and fi j ( p̂, m̂) =
R−1(dj + p̂j j ) = R−1(dj + p̂j κ( j )). Let {(ps,ms)}∞s=1 be a sequence of
vectors(ps

LL , ps
H L , ps

L H , ps
H H , ms

L , ms
H ) ∈ P ×M which converges

to ( p̂, m̂). It is sufficient to consider sequences for which the two condi-
tions ci j j (ps,ms) > 0 andci j κ( j )(ps,ms) > 0 are satisfied either for all
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s = 1,2, . . . or for no s = 1,2, . . . . In the second case,fi j (ps,ms) =
R−1 min[dj + ps

j j ,dj + ps
j κ( j )] and lims→∞ fi j (ps,ms) = R−1(dj + p̂j j ) =

fi j ( p̂, m̂). In the first case, limj→∞ fi j (ps,ms) = R−1 lims→∞{(dj+ps
j j )+

[(dj + ps
j κ( j )) − (dj + ps

j j )]
(1−π)U ′[ci j κ( j )(ps,ms)]

π U ′[ci j j (ps,ms)]+(1−π)U ′[ci j κ( j )(ps,ms)] = R−1(dj +
p̂j j ) = fi j ( p̂, m̂) because lims→∞[ ps

j κ( j ) − ps
j j ] = 0 and 0 ≤

(1−π)U ′(ci j κ( j ))

πU ′(ci j j )+(1−π)U ′(ci j κ( j ))
≤ 1. Thus lim(p,m)→( p̂,m̂) fi j (p,m) = fi j ( p̂, m̂) and

continuity follows.
For the subsequent analysis we extend the functionU to the negative

reals by definingU (c) = U (0) for anyc < 0, and we define the function
uL : P ×M→ R by

uL(p,m) := π2U (cLLL)+ π(1− π)U (cLL H )+ π(1− π)U (cL H H )

+ (1− π)2U (cL H L)−U (Rw).

Let the functiongL : P ×M→ [ε,1] be defined as follows:

gL(p,m) :=
ε if uL(p,m) < 0

k−1[uL(p,m)] if uL(p,m) ≥ 0,
(19)

wherek−1: R+ → [ε,1] is the inverse function ofk(a), a ≥ ε. By As-
sumption 4 gL(p,m) is continuous. Similar touL andgL we define the
functionsuH : P ×M→ R andgH : P ×M→ [ε,1] by

uH (p,m) := π2U (cH H H )+ π(1− π)U (cH H L)+ π(1− π)U (cH LL)

+ (1− π)2U (cH L H )−U (Rw)

and

gH (p,m) :=
{
ε if uH (p,m) < 0

k−1[uH (p,m)] if uH (p,m) ≥ 0
(20)

Again,gH is continuous.
The functions( fLL , fH L , fL H , fH H , gL , gH ) continuously map the

compact and convex setP ×M into itself. By Brouwer’s fixed point the-
orem there exists a fixed point(p∗,m∗) = (p∗LL , p∗H L , p∗L H , p∗H H ,m

∗
L ,

m∗H ), that is, p∗i j = fi j (p∗,m∗) andm∗i = gi (p∗,m∗), i, j = L , H . The
last step of the proof of Proposition 3 is to show that(p∗,m∗) constitutes an
equilibrium. First, we prove thatci j j (p∗,m∗) > 0 andci j κ( j )(p∗,m∗) > 0.
AssumeRw + (dj + p∗jh − Rp∗i j )

S
m∗i
≤ 0 for some fixed triple(i, j, h) ∈

{L , H}3. Then p∗i j = fi j (p∗,m∗) = R−1 min(dj + p∗j L ,dj + p∗j H ) ≤
R−1(dj + p∗jh) because of Equation (18). Therefore 0≤ dj + p∗jh − Rp∗i j
contradictingRw + (dj + p∗jh − Rp∗i j )

S
mi
≤ 0 becauseRw > 0. Con-
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sequently,ci j j (p∗,m∗) > 0 andci j κ( j )(p∗,m∗) > 0, and thus(p∗,m∗)
satisfies Equation (4).

Finally, we have to show thatui (p∗,m∗) ≥ 0, i = L , H . Let {P̃∗t }∞t=1
be the prices associated withp∗. Since Equation (4) holds,E{U [Rw +
(Dt + P̃∗t+1 − RP∗t )x] | Dt } is maximized atx = S

m∗L
if P∗t = p∗L j , and

at x = S
m∗H

if P∗t = p∗H j , j = L , H . Because ofU ′′ < 0 the maximum

is unique. Therefore{U [Rw + (Dt + P̃∗t+1 − RP∗t )
S
n∗t

] | Dt } > U (Rw),
wheren∗t = m∗L if P∗t = P∗L j andn∗t = m∗H if P∗t = p∗H j , j = L , H .

Consequently,E{U [Rw+ (Dt + P̃∗t+1− RP∗t )
S
n∗t

] | Dt−1} −U (Rw) > 0.
Since the left-hand side of the last inequality isuL(p∗,m∗) for Dt−1 = dL

anduH (p∗,m∗) for Dt−1 = dH , uL(p∗,m∗) > 0 anduH (p∗,m∗) > 0.
This implies that(p∗,m∗) satisfies Equations (5) and (6), and concludes the
proof of Proposition 3. It also impliesm∗i = gi (p∗,m∗) > ε for i = L , H ,
that is, Corollary 1.

Proof of Lemma 1. For notational convenience we normalizeS
M = 1. Since

M is constant, this can be done without loss of generality by choosing an
appropriate new unit for shares. Next we simplify the notation by defining

vi j := di + pj − Rpi ,

ci j := Rw + vi j ,

Ui j := U (ci j ),

U ′i j := U ′(ci j ),

where in all casesi, j = L , H . Optimization and market clearing imply
that Equation (3) holds withpH L = pLL = pL , pL H = pH H = pH ,
mL = mH = M , and S

M = 1, that is,

πvLLU ′LL + (1− π)vL HU ′L H = 0, (21)

πvH HU ′H H + (1− π)vH LU ′H L = 0. (22)

Analogously to Proposition 1 we getpH > pL . Together with Equa-
tions (21) and (22) this impliesvLL < 0,vL H > 0,vH H > 0, andvH L < 0.
We want to prove that1U > 0, where1U is defined as

1U := E[U (c̃t+1) | Dt−1 = dH ] − E[U (c̃t+1) | Dt−1 = dL ]
= (2π − 1) {[πUH H + (1− π)UH L ] − [πULL + (1− π)UL H ]} .

In order to derive1U > 0 we first have to prove a series of technical claims.

Claim 1. vH L < vLL < 0< vH H < vL H .

Proof. Define the functionF(y) by F(y) : = π(dL + pL − y)U ′(Rw +
dL + pL − y) + (1− π)(dL + pH − y)U ′(Rw + dL + pH − y). From
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Equations (21) and Equation (22) we getF(RpL) = 0 andF(RpH + dL −
dH ) = πvH LU ′H L + (1− π)vH HU ′H H < 0 because of Equation (22),
vH L < 0, vH H > 0 andπ > 1/2. Further,∂F(y)/∂y = −[πU ′(Rw +
dL+pL−y)+(1−π)U ′(Rw+dL+pH−y)]+π(dL+pL−y)[α(Rw+dL+
pL− y)−α(Rw)]U ′(Rw+dL+ pL− y)+ (1−π)(dL+ pH − y)[α(Rw+
dL + pH − y) − α(Rw)]U ′(Rw + dL + pH − y) + α(Rw)F(y) < 0
for F(y) ≤ 0 because absolute risk aversionα(c) is nonincreasing (this
is analogous to the part of the proof of Proposition 2 where we showed
that FL(y,n) ≤ 0 implies ∂FL(y,n)/∂y < 0). ThusF(RpL) = 0 and
F(RpH + dL − dH ) < 0 imply RpH + dL − dH > RpL and thus 0<
R(pH − pL) − (dH − dL) = vLL − vH L = vL H − vH H . This proves
Claim 1.

Claim 2. vH H + vLL = vL H + vH L > 0.

Proof. ObviouslyvH H + vLL = vL H + vH L = dH + dL − r (pH + pL).
Because ofU ′′(c) < 0, Equations (21) and (22) implyRpL < dL + (1−
π)pH +πpL andRpH < dH +πpH + (1−π)pL . Adding the inequalities
gives 0< dH + dL − r (pH + pL) and Claim 2 follows.

Claim 3. −vH L

−vLL
> vL H−vH L

vH H−vLL
.

Proof. Because of Claim 2,vL H

vH H
= −vH L+ϕ
−vLL+ϕ whereϕ := vH L + vL H =

vLL +vH H > 0. Thus,vL H

vH H
< −vH L

−vLL
because−vH L > −vLL > 0 (Claim 1).

This impliesvL H−vH L

vH H−vLL
= vL H

vH H

vH H

vH H−vLL
+ (−vH L )

(−vLL )

(−vLL )

vH H−vLL
< −vH L

−vLL
.

Claim 4. π
1−π > vL H−vH L

vH H−vLL
.

Proof. Since 0≥ α′(c) = 1
[U ′(c)]2

{
[U ′′(c)]2−U ′(c)U ′′′(c)

}
,

U ′′′ > 0. (23)

Defineγ := vL H − vH H = vLL − vH L > 0 (Claim 1),ϕ := 1
γ
(U ′H L −

U ′LL) > 0 andψ := 1
γ
(U ′H H −U ′L H ) > 0.Claim 1 and Equation (23) imply

ϕ > ψ > 0. Because of Equations (21) and (22),

π

(1− π) =
vL HU ′L H − vH LU ′H L

vH HU ′H H − vLLU ′LL

. (24)

Rearranging the denominator on the right-hand side of Equation (24) and
usingϕ > ψ > 0 givesvH HU ′H H − vLLU ′LL < (vH H − vLL)(U ′L H −
ψvH L)−vLL [U ′H L−U ′L H +ψ(vH L−vL H )].Moreover, Equation (23) im-

plies
U ′H L−U ′L H

vL H−vH L
>

U ′H H−U ′L H

vL H−vH H
= ψ and thusU ′H L−U ′L H+ψ(vH L−vL H ) > 0.

Claim 3 implies −vH L

vL H−vH L
> −vLL

vH H−vLL
. From this we get, after rearrang-
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ing Equation (24), π1−π >
(vL H−vH L )(U ′L H−ψvH L )−vH L [U ′H L−U ′L H+ψ(vH L−vL H )]
(vH H−vLL )(U ′L H−ψvH L )−vLL [U ′H L−U ′L H+ψ(vH L−vL H )]

>
vL H−vH L

vH H−vLL
.

Claim 5. (1− π)v2
H L − πv2

LL > (1− π)v2
L H − πv2

H H .

Proof. Claims 2 and 4 implyπ(v2
H H − v2

LL) > (1− π)(v2
L H − v2

H L) and
thus Claim 5.

With the help of the preceding claims we can now prove the lemma,
that is,1U > 0. Although in equilibrium each young agent has to hold
exactly S

M = 1 shares, in the following it will be useful to consider port-
folios consisting ofx ≥ 0 shares and to analyze how expected utility
varies withx. We defineWH (x) andWL(x), x ∈ R by WH (x) := (1−
π)U (Rw+vH L x)+πU (Rw+vH H x) andWL(x) := πU (Rw+vLL x)+
(1− π)U (Rw + vL H x). Differentiating we getW′H (x) −W′L(x) = (1−
π)vH LU ′(Rw+vH L x)+πvH HU ′(Rw+vH H x)−πvLLU ′(Rw+vLL x)−
(1−π)vL HU ′(Rw+vL H x), andW′′H (x)−W′′L (x) = (1−π)v2

H LU ′′(Rw+
vH L x) + πv2

H HU ′′(Rw + vH H x) − πv2
LLU ′′(Rw + vLL x) −

(1− π)v2
L HU ′′(Rw + vL H x). For the rest of the proof we assumex > 0.

From Claim 1 and Equation (23) we get

U ′′(Rw + vH L x) < U ′′(Rw + vLL x)

< U ′′(Rw + vH H x) < U ′′(Rw + vL H x) < 0.(25)

Claim5 andEquation (25)give,after somecalculation,(1−π)v2
H LU ′′(Rw+

vH L x) − πv2
LLU ′′(Rw + vLL x) < (1 − π)v2

L HU ′′(Rw + vL H x) −
πv2

H HU ′′(Rw + vH H x). This impliesW′′H (x) − W′′L (x) < 0. We have
W′H (1) − W′L(1) = 0 because of Equations (21) and (22). Consequently,
x̄ = 1 maximizesWH (x) − WL(x). Since WH (0) − WL(0) = 0 and
W′′H (x) − W′′L (x) < 0 for x > 0 , WH (1) > WL(1), that is,πUH H +
(1− π)UH L > πULL + (1− π)UL H . This implies1U > 0 and thus
concludes the proof of the lemma.

Proof of Remark 1. Expected utility of the sum of any given deterministic
consumptionc ≥ π(pH − pL) plus the payoff ofx > 0 units (i) of lottery
L̂H , and (ii) of lotteryL̂L is given (i) byVH (x) = (1− π)U [c− π(pH −
pL)x] + πU [c+ (1− π)(pH − pL)x], and (ii) byVL(x) = πU [c− (1−
π)(pH − pL)x] + (1− π)U [c+ π(pH − pL)x]. Since both lotteries have
zero expected payoffs,x units ofL̂H are more risky thanx units ofL̂L , if and
only if VH (x) < VL(x). The derivatives ofVH (x) andVL(x) areV ′H (x) =−π(1−π)(pH − pL)U ′[c−π(pH − pL)x]+π(1−π)(pH − pL)U ′[c+
(1 − π)(pH − pL)x] < 0 andV ′L(x) = −π(1 − π)(pH − pL)U ′[c −
(1− π)(pH − pL)x] + π(1− π)(pH − pL)U ′[c+ π(pH − pL)x] < 0,
respectively. Forx > 0 this givesV ′L(x) − V ′H (x) = π(1 − π)(pH −
pL)[{U ′[c−π(pH − pL)x]−U ′[c− (1−π)(pH − pL)x]}− {U ′[c+ (1−
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π)(pH − pL)x] −U ′[c+ π(pH − pL)x]}] > 0 because of Equation (23).
ThereforeV ′H (x) < V ′L(x) < 0 for all x ≥ 0. Moreover,VH (0) = VL(0).
From this the remark follows.

Proof of Proposition 4. Let the setsP andM with elementsp and m,
respectively, be defined as in the proof of Proposition 3, and let the functions
fi j (p,m) and gi (p,m), i, j = L , H be given by Equations (18)–(20).
Further, defineGH : P ×M→ [ε,1] by

GH (p,m) := max[gL(p,m), gH (p,m)]. (26)

The functions( fLL , fH L , fL H , fH H , gL , GH ) continuously map the
compact and convex setP ×M into itself. By Brouwer’s fixed point theo-
rem there exists a fixed point(p∗,m∗) = (p∗LL , p∗H L , p∗L H , p∗H H ,m

∗
L ,m

∗
H ).

As in the proof of Proposition 3,Rw + (dj + p∗jh − Rp∗i j )
S

m∗i
> 0 for

i, j, h = L , H ; and uL(p∗,m∗) > 0, whereuL : P × M → R is
defined as in the proof of Proposition 3 [just before Equation (19)]. By
contradiction we prove thatm∗H > m∗L . Assumem∗H ≤ m∗L . This im-
plies m∗H = m∗L sincem∗H = GH (p∗,m∗) ≥ gL(p∗,m∗) = m∗L . Be-
cause of this and Lemma 1,uH (p∗,m∗) > uL(p∗,m∗) > 0, whereuH :
P ×M→ R is defined as in the proof of Proposition 3 [just before Equa-
tion (20)]. ThereforegH (p∗,m∗) > gL(p∗,m∗) = m∗L . But this implies
m∗H = GH (p∗,m∗) = gH (p∗,m∗) > gL(p∗,m∗) = m∗L , which contra-
dicts our assumptionm∗H ≤ m∗L . This provesm∗H > m∗L , which also implies
uH (p∗,m∗) > uL(p∗,m∗) > 0. Finally, p∗H H > p∗L H > p∗H L > p∗LL
follows fromm∗H > m∗L and Propositions 1 and 2.

Proof of Lemma 2. Let P = (PLL , PH L , PL H , PH H ) ∈ [ dL

r ,
dH

r ]4 denote any
vector of share prices indexed by the level of past and present dividends,
and let, for this proof,M = (ML ,MH ) ∈ [ε,1]2 denote any vector of
participation levels indexed by the level of past dividends. As in the proof
of Proposition 1, letκ( j ), j ∈ {L , H} be defined byκ(L) = H and
κ(H) = L. Corresponding to the market clearing condition Equation (3)
we define

Fi j (P,M) := π (dj + Pj j − RPi j ) U ′
[

Rw + (dj + Pj j − RPi j )
S

Mi

]
+ (1− π) (dj + Pj κ( j ) − RPi j )

×U ′
[

Rw + (dj + Pj κ( j ) − RPi j )
S

Mi

]
, (27)

i, j = L , H ; κ(L) = H, κ(H) = L .

Because ofdj + Pj j − RPi j 6= dj + Pj κ( j ) − RPi j , differentiation ofFi j
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gives
∂FL j

∂MH
= ∂FH j

∂ML
= 0, j = L , H, (28)

∂Fi j

∂Mi
> 0 for Pj j 6= Pj κ( j ), i, j = L , H. (29)

Let 0 denote the matrix

0 =



∂FLL

∂PLL

∂FH L

∂PLL

∂FL H

∂PLL

∂FH H

∂PLL

∂FLL

∂PH L

∂FH L

∂PH L

∂FL H

∂PH L

∂FH H

∂PH L

∂FLL

∂PL H

∂FH L

∂PL H

∂FL H

∂PL H

∂FH H

∂PL H

∂FLL

∂PH H

∂FH L

∂PH H

∂FL H

∂PH H

∂FH H

∂PH H


= (γi j ); i, j = 1, . . . ,4.

We show that Equation (11) implies that0 has a dominant diagonal, that
is, that|γj j | >

∑
i 6= j |γi j | for all j = 1, . . . ,4. First, consider∂FH H/∂Pi j .

Applying Equation (11) it is easy to see that∂FH H

∂PLL
= ∂FH H

∂PL H
= 0, ∂FH H

∂PH L
> 0,

and∂FH H

∂PH H
< − ∂FH H

∂PH L
.Therefore|γ44| >

∑
i 6=4 |γi 4|. Similarly, we get|γ11| >∑

i 6=1 |γi 1|, |γ22| >
∑

i 6=2 |γi 2|, and|γ33| >
∑

i 6=3 |γi 3|. This proves that0
has diagonal dominance. Further, the proof shows thatγi j ≥ 0 for i 6= j
andγi i < 0, i = 1, . . . ,4. Together with diagonal dominance this implies
that there exists aq ∈ R4

+ such that−0q À 0 [see, e.g., Takayama (1974,
Theorem 4.C.3, p. 382)]. Letρ be defined byρ := maxi |γi i | = maxi (−γi i ),
thus ρ ≥ −γi i for all i = 1, . . . ,4. Define the matrix9 = (ψi j ) by
9 := ρ I +0. Fromψi j = γi j ≥ 0 for i 6= j andψi i = ρ + γi i ≥ 0, where
i, j = 1, . . . ,4, we get9 ≥ 0. Further,9 is indecomposable since all
elements of0 exceptγ21, γ41, γ42, γ13, γ14, andγ34 are nonzero. Therefore
we have−0 = ρ I − 9 where9 is nonnegative and indecomposable,
and in addition we know that there exists aq ≥ 0 such that−0q À 0.
Consequently,0 is nonsingular and

0−1¿ 0 (30)

[see, e.g., Takayama (1974, Theorem 4.C.9, p. 387)]. Next we observe that
Fi j (P,M) = 0, i, j = L , H has a positive solutionP∗ À 0 for each pair
M ∈ (0,1]2. This follows from a fixed point argument as in the proof of
Proposition 3, but withM given [i.e., for the functionsfi j , i, j = L , H
defined as in Equation (18), but withm = M fixed, there exists a fixed
point P∗ = [ fLL(P∗,M), fH L(P∗,M), fL H (P∗,M), fH H (P∗,M)] ∈
[ dL

r ,
dH

r ]4 and it holds thatRw+ (dj + P∗jh − RP∗i j )
S

Mi
> 0 for all i, j, h =

L , H , and consequentlyFi j (P∗,M) = 0 for all i, j = L , H ].
Next we prove by contradiction that the solutionP∗ of Fi j (P,M) =

0, i, j = L , H is unique for each pairM ∈ (0,1]2. First we defineV(z) :=
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zU′(Rw+z)wherez ∈ [−Rw,∞). ThenV ′(z) > 0 forz> −Rw because
of Equation (11) andV ′(−Rw) = U ′(0)− RwU ′′(0) > 0; thusV ′(z) > 0
for all z ∈ [−Rw,∞). Assume now thatFi j (P,M) = 0, i, j = L , H
has two nonidentical solutionsP∗ andP∗∗ 6= P∗ for some givenM . Since
P∗∗ 6= P∗ there exist indicesk andh such that|P∗kh− P∗∗kh | > 0 maximizes
|P∗i j − P∗∗i j | for i, j = L , H . Without loss of generality we can assume
P∗kh > P∗∗kh , thusP∗kh− P∗∗kh ≥ P∗i j − P∗∗i j for i, j = L , H . Because ofr > 0
andV ′(z) > 0 this impliesFkh(P∗∗,M) > Fkh(P∗,M), contradicting the
assumptionFkh(P∗∗,M) = 0 = Fkh(P∗,M). This contradiction proves
the uniqueness ofP∗.

Finally, because0 is nonsingular andFi j (P∗,M) = 0 for i, j = L , H ,
we can apply the implicit function theorem. Together with uniqueness of
P∗ this theorem implies Lemma 2:P∗ is a differentiable function ofM ,

and
∂P∗i j
∂Mk

> 0 for all i, j, k = L , H. The second part follows from Equa-
tions (28)–(30) andP∗i H > P∗i L for i = L , H .

Proof of Proposition 5. The proof is by contradiction. Assume that there
exists an equilibrium withmL ≥ mH . This impliesmL > mH because of
Corollary 2, and thus Proposition 2 gives

pL j > pH j , j = L , H. (31)

We simplify by defining fori, j, k = L , H :

vki j := di + pi j − Rpki ,

cki j := Rw + vki j
S

mk
,

Uki j := U (cki j ),

U ′ki j := U ′(cki j ),

wherecki j > 0 since they are equilibrium values. Because of Equation (31),

vHi j > vLi j for i, j = L , H. (32)

If πULLL + (1−π)ULL H < πUL H H + (1−π)UL H L , then the subsequent
inequalities, explained below, follow:

E
[
U (c̃t+1)|Dt−1 = dL

]
< (1− π)

[
πU

(
Rw + vH LL

S

mL

)
+(1− π)U

(
Rw + vH L H

S

mL

)]
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+ π

[
πU

(
Rw + vH H H

S

mL

)
+ (1− π)U

(
Rw + vH H L

S

mL

)]
< E

[
U (c̃t+1) |Dt−1 = dH

]
,

where the first inequality is implied byπ > 1
2 and Equation (32), the

second by the fact that in the situation where the equilibrium price ispHi ,
i = L , H , and demandS

mH
maximizes expected utility whereasSmL

does not.
Because of Assumption 4,E[U (c̃t+1)|Dt−1 = dL ] < E[U (c̃t+1)|Dt−1 =
dH ] contradictsmL > mH . Therefore

πULLL + (1− π)ULL H ≥ πUL H H + (1− π)UL H L . (33)

Analogous to Lemma 1, we can normalizeSmL
= 1 without loss of

generality by choosing an appropriate (new) unit for shares. We defineδ

by δ := πUH H H + (1− π)UH H L − [πULLL + (1− π)ULL H ]. Because of
Equation (3),

δ = π
[∫ cH H H

cLLL

U ′(c)dc+ vLLLU ′LLL − vH H H
S

mH
U ′H H H

]

−(1−π)
[∫ cLL H

cH H L

U ′(c)dc−vLL HU ′LL H+vH H L
S

mH
U ′H H L

]
. (34)

Let M , pi , vi j , ci j , Ui j , U ′i j (wherei, j = L , H ) and1U be defined as

in Lemma 1 and its proof. The normalizationsSmL
= 1 and S

M = 1 (proof of
Lemma 1) givemL = M . From Equation (12) andmH < mL = M we get
pH H < pH andpLL < pL . Consequently,vH H H > vH H > 0 (see Claim 1,
proof of Lemma 1). Similarly we get 0> vLLL > vLL , wherevLLL < 0
results from from Equations (3) and (8). Together withS

mH
> S

mL
= 1 this

givescH H H > cH H andcLLL > cLL . Furthermore,vH H H
S

mH
> vH H > 0

and Equation (11) implyvH H H
S

mH
U ′H H H > vH HU ′H H . Because of thi and

Equations (3) and (22) we get−vH H L
S

mH
U ′H H L > −vH LU ′H L > 0, which

in turn givesvH H L < 0 andcH H L < cH L because ofU ′′ < 0. Analogously,
vLL H > 0 andcLL H < cL H because of 0> vLLL > vLL . ThuscH H L <

cH L < Rw < cH H < cH H H andcLL < cLLL < Rw < cLL H < cL H .
Therefore

δ = −π
∫ Rw

cLLL

[
U ′LLL −U ′(c)

]
dc+ π

∫ cH H H

Rw

[
U ′(c)−U ′H H H

]
dc

+ (1− π)
∫ Rw

cH H L

[
U ′H H L −U ′(c)

]
dc

− (1− π)
∫ cLL H

Rw

[
U ′(c)−U ′LL H

]
dc
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> −π
∫ Rw

cLL

[
U ′LL −U ′(c)

]
dc+ π

∫ cH H

Rw

[
U ′(c)−U ′H H

]
dc

+ (1− π)
∫ Rw

cH L

[
U ′H L −U ′(c)

]
dc

− (1− π)
∫ cL H

Rw

[
U ′(c)−U ′L H

]
dc

= π

[∫ cH H

cLL

U ′(c)dc+ vLLU ′LL − vH HU ′H H

]
− (1− π)

[∫ cL H

cH L

U ′(c)dc− vL HU ′L H + vH LU ′H L

]
.

From this and Equations (21) and (22) we get

δ > π

∫ cH H

cLL

U ′(c)dc− (1− π)
∫ cL H

cH L

U ′(c)dc= 1U

2π − 1
> 0

because1U > 0, as shown in the proof of Lemma 1, andπ > 1
2. Thus

δ > 0 or

πUH H H + (1− π)UH H L > πULLL + (1− π)ULL H . (35)

This and Equation (33) imply

πUH H H + (1− π)UH H L > πUL H H + (1− π)UL H L . (36)

BecauseS
mH

is optimal when the price ispH L and because of Equation (32)
it holds that

πUH LL + (1− π)UH L H > πULLL + (1− π)ULL H . (37)

Finally, from Equations (35)–(37) andπ > 1
2 it is easy to derive that

E[U (c̃t+1)|Dt−1 = dL ] < E[U (c̃t+1)|Dt−1 = dH ]. Because of Assump-
tion 4 this result contradicts the assumptionmL ≥ mH and thus concludes
the proof.

Proof of Proposition 7. Because of Equation (10) and Proposition 5,mL <

mH and thuspLL < pH L < pL H < pH H . Let PL(M) and PH (M) be
the market clearing prices associated with constant market participation
M ∈ [ε,1] and dividendsdL anddH , respectively. Market clearing implies
PH (M) > PL(M), analogous to Equation (8). It is sufficient to show that
there exists anM ′ ∈ (mL ,mH ) such thatP(M ′) = [ PL(M ′), PH (M ′)] is
less volatile than the equilibrium pricespi j = p∗(di ,dj ), i, j = L , H . If
such anM ′ exists, there is a neighborhoodI of M ′ such thatP(M) is less
volatile thanpi j = p∗(di ,dj ), i, j = L , H for all M ∈ I becauseP(M)
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is differentiable and thus continuous. Equation (12) impliesPL(mL) <

pH L < PL(mH ); this follows from the fact that for(ML ,MH ) = (mL ,mH )

the associated market clearing pricesPi j , i, j = L , H of Lemma 2 are
the equilibrium pricespi j = p∗(di ,dj ). For the same reason,PH (mL) <

pL H < PH (mH ). BecauseP(M) is continuous, there exists anMH L ∈
(mL ,mH ) and anML H ∈ (mL ,mH ) such that

PL(MH L) = pH L , (38)

PH (ML H ) = pL H . (39)

We show thatPH (MH L) < pH H andPL(ML H ) > pLL . Because of Equa-
tion (38) and sincePH (MH L) clears the market,

π [dH − r PH (MH L)] U ′
{

Rw + [dH − r PH (MH L)]
S

MH L

}
+ (1− π) [dH + pH L − RPH (MH L)]

×U ′
{

Rw + [dH + pH L − RPH (MH L)]
S

MH L

}
= 0. (40)

Define the functionZH (y) := π(dH − r y)U ′[Rw+ (dH − r y) S
MH L

]+ (1−
π)(dH + pH L − Ry) U ′[Rw+ (dH + pH L − Ry) S

MH L
], y ∈ [ dH+pH L

R , dH

r ].
Equation (40) implies

ZH [ PH (MH L)] = 0. (41)

Because of Equation (3), we haveFH H (pLL , pH L , pL H , pH H ,mL ,mH ) =
0, whereFH H is defined in Equation (27).ZH (y) ≡ FH H (pLL , pH L , pL H ,

y,mL ,MH L),MH L < mH , and Equation (29) imply

ZH (pH H ) < 0. (42)

Differentiation of ZH (y) and applying Equation (11) givesZ′H (y) < 0.
This and Equations (41) and (42) imply

PH (MH L) < pH H . (43)

Analogously it can be shown that

PL(ML H ) > pLL . (44)

From Equations (38) and (43) we get

PH (MH L)− PL(MH L) < pH H − pH L; (45)

and from Equations (39) and (44) we get

PH (ML H )− PL(ML H ) < pL H − pLL . (46)
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Therefore

PH (M
′)− PL(M

′) < min(pL H − pLL , pH H − pH L) (47)

holds either forM ′ = MH L or for M ′ = ML H or for both cases. Further,
from Equations (38) and (43),pLL < pH L and PH (M) > PL(M) we get
pLL < PL(MH L) < PH (MH L) < pH H ; and because of Equations (39) and
(44) andpL H < pH H , we havepLL < PL(ML H ) < PH (ML H ) < pH H .
Thus there exists anM ′ ∈ (mL ,mH ) such that Equations (13) and (14) hold
for M = M ′. As noted above, this implies Proposition 7.
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